roland coghetto The theorem is a consequence of (5) and (6).
Vector Lattice / Riesz Space
Let X be a non empty set and f , g be functions from X into R. The functor min(f, g) yielding a function from X into R is defined by (Def. 1) for every element x of X, it(x) = min(f (x), g(x)).
One can verify that the functor is commutative. The functor max(f, g) yielding a function from X into R is defined by (Def. 2) for every element x of X, it(x) = max(f (x), g(x)).
Note that the functor is commutative. Let f , g be positive yielding functions from X into R. One can check that min(f, g) is positive yielding and max(f, g) is positive yielding.
Let f , g be functions from X into R. We say that f g if and only if (Def. 3) for every element x of X, f (x) g(x). Now we state the proposition: (8) Let us consider a non empty set X, and functions f , g from X into R.
Then min(f, g) f . Let us consider a non empty, real-membered set X. Now we state the propositions: (9) If for every real number r such that r ∈ X holds sup X = r, then there exists a real number r such that X = {r}. (10) If for every real number r such that r ∈ X holds inf X = r, then there exists a real number r such that X = {r}. (11) Let us consider a non empty, lower bounded, upper bounded, realmembered set X. Suppose sup X = inf X. Then there exists a real number r such that X = {r}. The theorem is a consequence of (9).
Some Properties of the χ Function
In the sequel X, Y denote sets, Z denotes a non empty set, r denotes a real number, s denotes an extended real, A denotes a subset of R, and f denotes a real-valued function. Now we state the propositions:
The theorem is a consequence of (16) and (15) . 
Refinement of Tagged Partition
In the sequel I denotes a non empty, closed interval subset of R, T 1 denotes a tagged partition of I, D denotes a partition of I, T denotes an element of the set of tagged partitions of D, and f denotes a partial function from I to R. Now we state the propositions:
Let A be a non empty, closed interval subset of R. The functor tagged-divs(A) yielding a set is defined by (Def. 4) for every set x, x ∈ it iff x is a tagged partition of A.
One can check that tagged-divs(A) is non empty. Let T 1 be a tagged partition of A. The functor T 1 -tags yielding a non empty, non-decreasing finite sequence of elements of R is defined by (Def. 5) there exists a partition D of A and there exists an element T of the set of tagged partitions of D such that it = T and T 1 = D, T . Now we state the propositions:
The theorem is a consequence of (23).
Let A be a non empty, closed interval subset of R and T 1 be a tagged partition of A. The functor len T 1 yielding an element of N is defined by the term (Def. 6) len(T 1 -partition).
The functor dom T 1 yielding a set is defined by the term (Def. 7) dom(T 1 -partition).
Now we state the propositions: (25) Let us consider a non empty, closed interval subset I of R, a partition D of I, and an element T of the set of tagged partitions of D. Then rng T ⊆ I. (26) Let us consider a non empty, closed interval subset I of R, positive yielding functions j 1 , j 2 from I into R, and a j 1 -fine tagged partition T 1 of I. If j 1 j 2 , then T 1 is a j 2 -fine tagged partition of I. The theorem is a consequence of (23), (24), and (25).
Definition of the Gauge Integral on a Real Bounded Interval
Let I be a non empty, closed interval subset of R, f be a partial function from I to R, and T 1 be a tagged partition of I. The functor tagged-volume(f, T 1 ) yielding a finite sequence of elements of R is defined by (Def. 8) len it = len T 1 and for every natural number i such that
). The functor tagged-sum(f, T 1 ) yielding a real number is defined by the term (Def. 9) (tagged-volume(f, T 1 )). Now we state the proposition:
From now on f denotes a function from I into R. Now we state the propositions: (28) If I is non empty and trivial, then vol(I) = 0. (29) Let us consider a real number r. If I = {r}, then for every partition D of I, D = r . Let I be a non empty, closed interval subset of R and f be a function from I into R. We say that f is HK-integrable if and only if (Def. 10) there exists a real number J such that for every real number ε such that ε > 0 there exists a positive yielding function j from I into R such that for every tagged partition T 1 of I such that T 1 is j-fine holds | tagged-sum(f, T 1 ) − J| ε. Assume f is HK-integrable. The functor HK-integral(f ) yielding a real number is defined by = vol(I). The theorem is a consequence of (12) and (27). Let I be a non empty, closed interval subset of R. One can check that there exists a function from I into R which is HK-integrable.
The Linearity Property of the Gauge Integral
In the sequel f , g denote HK-integrable functions from I into R and r denotes a real number. Now we state the propositions: (34) Let us consider a natural number i.
Proof: For every natural number i such that
The theorem is a consequence of (23), (24), and (25). (37) tagged-volume(f + g, T 1 ) = (tagged-volume(f, T 1 )) + (tagged-volume(g, T 1 )).
Proof: For every natural number i such that i ∈ dom(tagged-volume (f + g, T 1 )) holds (tagged-volume(f + g, T 1 ))(i) = ((tagged-volume(f, T 1 )) + (tagged-volume(g, T 1 )))(i). (38) Suppose f is HK-integrable. Then (i) r · f is an HK-integrable function from I into R, and
(ii) HK-integral(r · f ) = r · HK-integral(f ).
Proof: Consider J being a real number such that for every real number ε such that ε > 0 there exists a positive yielding function j from I into R such that for every tagged partition T 1 of I such that T 1 is j-fine holds | tagged-sum(f, T 1 )−J| ε. For every real number ε such that ε > 0 there exists a positive yielding function j from I into R such that for every tagged partition T 1 of I such that T 1 is j-fine holds | tagged-sum(r·f,
is an HK-integrable function from I into R, and (ii) HK-integral(f + g) = HK-integral(f ) + HK-integral(g).
Proof: Consider J 1 being a real number such that for every real number ε such that ε > 0 there exists a positive yielding function j from I into R such that for every tagged partition
Consider J 2 being a real number such that for every real number ε such that ε > 0 there exists a positive yielding function j from I into R such that for every tagged partition T 1 of I such that T 1 is j-fine holds | tagged-sum(g, T 1 ) − J 2 | ε. For every real number ε such that ε > 0 there exists a positive yielding function j from I into R such that for every tagged partition The theorem is a consequence of (19), (12), (33), and (38).
Riemann Integrability and Gauge Integrability
Let I be a non empty, closed interval subset of R. Note that there exists a function from I into R which is integrable.
Let X be a non empty set. Observe that there exists a function from X into R which is bounded. Now we state the proposition:
(41) Let us consider a bounded function f from I into R. Then | sup rng f − inf rng f | = 0 if and only if f is constant. The theorem is a consequence of (11).
Let I be a non empty, closed interval subset of R. Observe that there exists an integrable function from I into R which is bounded.
Let us consider a partial function f from I to R. Now we state the propositions: In the sequel f denotes a bounded, integrable function from I into R. Now we state the propositions:
(45) Let us consider a natural number i.
The theorem is a consequence of (23). (46) lower volume(f, T 1 -partition) (tagged-volume(f, T 1 )) upper volume(f, T 1 -partition). The theorem is a consequence of (45). The theorem is a consequence of (44).
From now on j denotes a positive yielding function from I into R. 
The theorem is a consequence of (49). (7), (1), (2) , and (3).
Let I be a non empty, closed interval subset of R. Note that every function from I into R which is bounded and integrable is also HK-integrable.
